We give a classification of open Klein topological conformal field theories in terms of CalabiYau A ∞ -categories endowed with an involution. Given an open Klein topological conformal field theory, there is a universal open-closed extension whose closed part is the involutive variant of the Hochschild chains of the open part.
Introduction

Oriented and Klein TQFTs
The study of topological conformal field theories began with the works of Segal on conformal field theory [Seg88] . Inspired by Segal's work, Atiyah gave a list of axioms for what he defines as a topological quantum field theory [Ati88] . It was Moore and Segal [Moo01, MS06] who first defined the concept of topological conformal field theory and suggested the importance of studying them.
For a finite set of D-branes Λ, let Cob Λ be the category whose class of objects are 1-manifolds (disjoint unions of circles and intervals) with boundary labelled by D-branes and with class of morphisms given by cobordism of these. Given a field K, a 2-dimensional topological quantum field theory (henceforth a TQFT) is a symmetric monoidal functor A finite-dimensional unital associative K-algebra A is called (commutative) Frobenius if it is equipped with a (commutative) bilinear form µ : A ⊗ A → K such that µ(ab, c) = µ(a, bc) and is non-degenerate.
It is well known that:
1. The category of 2-dimensional open TQFTs is equivalent to the category of not-necessarily commutative Frobenius algebras (page 7 [MS06] ) and 2. the category of 2-dimensional closed TQFTs is equivalent to the category of commutative Frobenius algebras (Theorem 3.3.2 [Koc04] ).
If we change the morphisms in Cob Λ allowing not only oriented surfaces but unoriented surfaces, we get Klein topological quantum field theories. Closed Klein topological quantum field theories have been studied and classified in terms of Frobenius algebras endowed with extra structure coming from the extra generator one has to consider: the real projective plane RP 2 with two holes [TT06, AN06] . Open Klein topological quantum field theories are equivalent to non-commutative Frobenius algebras endowed with an involution [Bra12] . Open-closed Klein topological quantum field theories are completely described algebraically in terms structure algebras [AN06] .
Oriented and Klein TCFTs
If we endow the morphisms of Cob Λ with a complex structure we can define a category C(M Λ ) with the same class of objects of Cob Λ and where the arrows are given by singular chains on moduli spaces of Riemann surfaces. In this new setting it makes sense to work at a chain level so we can then consider functors of the form F : C(M Λ Costello's work was partially generalized to the unoriented setting, that is replacing Riemann surfaces with Klein surfaces, by Braun [Bra12] . In his work, Braun gives a decomposition of the moduli space of Klein surfaces in terms of Möbius graphs, allowing him to state the classification of open Klein TCFTs in terms of involutive A ∞ -algebras using techniques from operads theory.
The results of this research
By extending Costello's techniques to the unoriented setting, the research developed here represents a completion of the picture started by Braun. The main result is:
Theorem 1.1. 1. There is an equivalence between open Klein TCFTs and Calabi-Yau A ∞ -categories endowed with an involution.
Given an open Klein TCFT, there exists a universal open-closed extension to open-closed Klein
TCFTs.
3. The homology of the closed part of the above open-closed TCFT is described in terms of the involutive Hochschild homology of its open part.
The description of involutive Hochschild homology has been studied in detail in [FVG15] . Involutive Hochschild homology and "usual" Hochschild homology do not coincide unless the algebras involved are commutative and endowed with the trivial involution.
A closer look to topological conformal field theories
By endowing the morphisms in Cob Λ with a complex structure we can define a category M Λ with the class of objects of Cob Λ and with class of arrows given by moduli spaces of Riemann surfaces.
Let C : Top → Comp K be a functor from topological spaces to chain complexes. As Riemann surfaces form moduli spaces, applying C to the space of arrows of M Λ yields a differential graded symmetric monoidal category OC Λ with Obj(OC Λ ) = Obj(M Λ ) and with class of arrows:
Hom OC Λ (I, J) := C(Hom M Λ (I, J)).
Given a set of D-branes Λ, a 2-dimensional open-closed TCFT with set of D-branes Λ is a pair (Λ, F), where F is a h-split (the map F(I J) → F(I) ⊗ F(J) is an isomorphism in homology) symmetric monoidal functor
As Costello classified open TCFTs in terms of Calabi-Yau A ∞ -categories. An A ∞ -category C consists of:
1. A class of objects Obj(C );
2. for each X 1 , X 2 ∈ Obj(C ), a Z-graded abelian group of homomorphisms Hom C (X 1 , X 2 );
3. for all n ≥ 1, composition maps
of degree n − 2 satisfying homotopy associativity conditions [Cos07] .
Remark 2.1. If we restrict the class of objects of C to a set with a single object we get the concept of A ∞ -algebra.
A Calabi-Yau category is a K-algebroid E equipped with a trace map The results obtained by Costello are all twisted by a local system of coefficients on the moduli spaces which has been ignored here. This twisting is useful and necessary to Costello due to his motivations related to Gromov-Witten theory; we ignore it for the sake of simplicity in the notations: all the results contained in this manuscript hold if we keep track of this local system.
Homological algebra and category theory
Braun [Bra12] gives a classification of open Klein topological conformal field theories in terms of CalabiYau A ∞ -categories endowed with involution using algebras over modular operads. It will be necessary to begin with an introduction of the concepts and notations which will be used henceforth and that will be central in these notes.
DGSM categories
Let K be a field. A graded K-module is a K-module V together with a decomposition indexed by integers: V = p∈Z V p . We define a differential graded K-module as a graded K-module V equipped with a map δ : V → V of degree 1 such that δ 2 := δ • δ = 0.
We define a K-category A as the datum formed by:
1. A class of objects Obj(A);
2. a K-module Hom A (X 1 , X 2 ) for each pair X 1 , X 2 ∈ Obj(A);
3. a K-linear associative composition map
admitting identity maps Id X ∈ Hom A (X 1 , X 1 ).
We define an involutive K-category as a K-category A endowed with a functor : A op → A which is the identity on objects and such that the following identity holds:
For involutive K-categories (A, ) and (B, †), a functor F : (A, ) → (B, †) is a functor of the underlying categories such that F • = † • F. 
Modules over categories
for morphisms f : a 1 → a 2 and a 1 , a 2 ∈ Obj(A);
2. the morphisms φ(a) are all closed of degree 0, for a ∈ Obj(A).
We have two categories, one of left A-modules, denoted by A -Mod , and another one of right A-modules, which will be denoted by Mod -A.
Given two involutive DGSM categories A and B, we can form their tensor product category A ⊗ B. This category is formed by the following classes of objects and morphisms:
1. For the class of objects: Obj(A ⊗ B) = Obj(A) × Obj(B);
2. for the class of morphisms:
with: a 1 , a 2 ∈ Obj(A) and b 1 , b 2 ∈ Obj(B). If a morphism f in A ⊗ B has components f = ( f 1 , f 2 ), then the involution is:
Derived tensor products and push-forwards
Let M be a B -A-bimodule and N a left A-module. The left B-module M ⊗ A N by saying that 
We define a functor f :
Let us denote by S n the symmetric group on n letters. For A an involutive DGSM category let Sym A be the subcategory whose objects are those of A and whose morphisms are the identity maps and the symmetry isomorphisms:
We define the category Sym K A as the sub-linear category of Sym A whose morphisms are spanned by the morphisms in Sym A. 
is the image of the degeneracy maps and [−n] denotes a degree shifting.
Given an A -B-bimodule M and a left B-module N, we define the left A-module: 
The face maps come from the product maps B ⊗ Sym K B B → B whilst the degeneracy maps come from the maps Sym K B → B.
The definition for the derived tensor product makes sense due to the following Lemmata: For f : A → B a functor between involutive DGSM categories and N a left A-module we define
Remark 3.5. Let us recall that
and it is well known that we can write the last tensor product as the coend 
Then we can think of (1) as an example of a derived left Kan extension.
Quasi-isomorphisms in a category
A morphism f : C • → D • of complexes in an abelian category A is a quasi-isomorphism if the corresponding homology morphism
is an isomorphism for each n ∈ Z.
if it sends quasi-isomorphisms to quasi-isomorphisms. We denote by A -flat the full subcategory of flat A-modules and the inclusion by i :
A category C , not necessarily abelian, has a notion of quasi-isomorphism when we are given a subset of Hom C (−, −) which is closed under composition and contains all isomorphisms. Objects in C are said to be quasi-isomorphic if they can be connected by a chain of quasi-isomorphisms.
We write c 1 c 2 when two objects c 1 , c 2 are quasi-isomorphic.
We define a natural transformation φ between exact functors F, G as a quasi-isomorphism
is a quasi-isomorphism for every object c ∈ Obj(C ).
Given categories C and D with the notion of quasi-isomorphism, we define a quasi-equivalence as a pair of functors F : C → D and G : D → C such that the following quasi-isomorphisms of functors hold: 
Fundamentals from graph theory
The role played by graphs is central in the theory of moduli spaces of Riemann or Klein surfaces as ribbon graphs provide orbi-cell decompositions of moduli spaces of Riemann surfaces [Cos04, Cos06] . In order to deal with Klein surfaces, ribbon graphs are not enough and one has to introduce the concept of Möbius graph. Möbius graphs provide an orbi-cell decomposition of moduli spaces of Klein surfaces. For further details we refer to the main reference of this section: [Bra12] .
Ribbon graphs
A finite graph γ consists of:
1. A finite set of vertices V(γ) and half-edges H(γ);
Given a graph γ, we say that two half-edges a, b form an edge if ι(a) = b; a half-edge a is connected to a vertex v if λ(a) = v. A leg in γ is a univalent vertex, an external edge is an edge that meets a leg and an internal edge is an edge for which neither end is univalent.
Remark 4.1. We can imagine and edge e as a pair of half-edges e 1 , e 2 by cutting e in half. Observe that the involution ι swaps the half-edges. On the other hand λ, by sending a half-edge e i to a vertex v i , is gluing e i with v i .
Remark 4.2. Let e = (e 1 , e 2 ) be an external edge and let l be a leg. Let a ∈ H(γ) be a half-edge of l connected to v ∈ V(γ), we say that "a meets l" if λ(a) = v = λ(e 1 ).
Given two graphs γ 1 , γ 2 , a graph isomorphism g :
A ribbon graph is a finite graph equipped with a cyclic ordering of the half-edges at each vertex and a labelling of the legs, that is: the n legs of the ribbon graph γ are labelled by the elements of {1, . . . , n}. An isomorphism of ribbon graphs is an isomorphism of graphs that preserves the cyclic ordering at each vertex and the labelling of the legs.
Given a ribbon graph γ and an internal edge e which is not a loop, we define the edge contraction γ/e by endowing the graph γ/e we get after contracting the edge e with the obvious cyclic ordering coming from the cyclic orderings at the vertices bordering e.
For a ribbon graph γ and two internal edges e 1 , e 2 that are not loops we have the following isomorphism: (γ/e 1 )/e 2 ∼ = (γ/e 2 )/e 1 , assuming both sides are defined.
A reduced ribbon graph is a ribbon graph where each vertex is either univalent or has valence at least 3. Given a graph with at least one vertex having valence at least 3, we can associate to it reduced graphs by repeatedly contracting an edge attached to a vertex of valence 2 until the graph is reduced.
Möbius graphs
A Möbius graph is a ribbon graph γ with a colouring of the half-edges by two colours, which means that we have a map c : H(γ) → Z 2 . An isomorphism of Möbius graphs is an isomorphism of graphs preserving the sum (modulo 2) of the labellings on each leg such that, at each vertex v, it can happen that either:
1. The map preserves the cyclic ordering at v and the colouring of the half-edges at v; or 2. the map reverses the cyclic ordering at v and reverses the colouring at the half-edges connected to v.
Given a Möbius graph γ and an internal edge e (not being a loop) where both the half-edges of e have the same colour, we define the graph contraction γ/e as we did for ribbon graphs. This is well defined on isomorphism classes and can be extended to all internal edges except loops, regardless the colouring. For a Möbius graph γ and two internal edges e 1 , e 2 (which are not loops) whose half-edges have the same colouring, the following isomorphism holds: (γ/e 1 )/e 2 ∼ = (γ/e 2 )/e 1 , assuming both sides are defined.
A reduced Möbius graph is a Möbius graph where each vertex is either univalent or has valence at least 3. Given a Möbius graph with at least one vertex having valence at least 3, we can associate to it reduced Möbius graphs by repeatedly contracting an edge attached to a vertex of valence 2 until the graph is reduced.
Fundamentals on Klein surfaces
We revisit the concepts of Klein and nodal Klein surfaces and state equivalences of categories between Klein surfaces and Riemann surfaces with an involution following the results and techniques developed in [Bra12] . These equivalences will establish a duality that will make the forthcoming results almost a direct consequence of the results in [Cos04, Cos06, Cos07].
Klein surfaces and symmetric Riemann surfaces
Let D ⊂ C be a non-empty open subset and f : D → C a smooth map. We say that f is dianalytic if its restriction to each component of D is either analytic or anti-analytic. If A and B are non-empty subsets of the complex upper half-plane
An atlas Ξ on a surface K is dianalytic if all the transition maps of Ξ are dianalytic. A dianalytic structure on K is a maximal dianalytic atlas. A Klein surface is a surface equipped with a dianalytic structure.
A morphism between Klein surfaces is a non-constant continuous map (
∂K 2 ) such that for all x ∈ K 1 there are respective charts (U 1 , φ 1 ) and (U 2 , φ 2 ) around x and f (x) and an analytic map F : φ 1 (U 1 ) → C making the diagram below commute:
Here ϕ(x + iy) := x + i|y| is the folding map. We call f dianalytic if we can choose charts where
Lemma 5.1 ([Bra12], p. 59).
The composition of dianalytic morphisms of Klein surfaces is dianalytic.
Lemma 5.2 ([Bra12], p. 59).
A morphism of Klein surfaces f :
A symmetric Riemann surface (X, ι) is a Riemann surface X with an anti-analytic involution ι : X → X. For symmetric Riemann surfaces (X 1 , ι 1 ) and (X 2 , ι 2 ), a morphism between them is a non-constant continuous morphism
Given a symmetric Riemann surface (X, ι), the quotient surface K = X/ι has a dianalytic structure making the quotient map π : X → X/ι a morphism of Klein surfaces. We have π −1 (∂K) = ∂X if, and only if, π is dianalytic. We call (X, ι) a dianalytic symmetric Riemann surface. 1. There is a Riemann surface R K and a dianalytic morphism f : R K → K which is a double cover.
We shall call the surface R K the orienting double of K;
2. if X is a Riemann surface and h : X → K is a dianalytic morphism, then there is a unique analytic map g :
3. the orienting double R K has an anti-analytic involution σ such that f • σ = f ;
4. any double cover h : X → K admitting such an involution and being dianalytic is universal with respect to this property;
5. the map f is unramified, σ is unique and R K is disconnected if and only if, K is orientable.
Given a Klein or a symmetric Riemann surface (X, ι) whose underlying surface has g handles, 0 ≤ u ≤ 2 crosscaps and h boundary components, we define its topological type as the triple (g, u, h).
Nodal Klein and Riemann surfaces
A singular topological surface (X, N) is a Hausdorff space X with a discrete set N ⊂ X of general singularities such that X − N is a topological surface. Henceforth, we will consider these surfaces compact and possibly with boundary, where the boundary is defined to be the boundary of X − N.
Let (X, N) be a singular surface. A boundary node is a singularity z ∈ N with a neighbourhood homeomorphic to a neighbourhood B (0, 0), where we define B := {(x, y) ∈ (C + ) 2 | xy = 0}, such that the homeomorphism sends z to (0, 0). Similarly, an interior node is a singularity with a neighbourhood homeomorphic to I (0, 0), where I := {(x, y) ∈ C 2 |xy = 0}. If X has only nodal singularities, then an atlas on X is given by charts on X − N together with charts at the nodes. We call a singular surface with only nodal singularities a nodal surface.
A nodal Riemann surface is a nodal surface (X, N) together with a maximal analytic atlas. A nodal Klein surface is a nodal surface (X, N) together with a maximal dianalytic atlas. An irreducible component of a nodal surface is a connected component of the surface obtained by pulling apart all the nodes. A nodal symmetric Riemann surface (X, ι) is a nodal Riemann surface with an anti-analytic involution ι : X → X.
An admissible symmetric Riemann surface (X, ι) is a nodal symmetric Riemann surface (X, N) such that π(n) is a boundary node for each node n ∈ N.
A dianalytic nodal symmetric Riemann surface is an admissible symmetric Riemann surface such that π is dianalytic. Observe that this imply that this kind of surface can only have boundary nodes.
A Klein surface with n marked points (X, N) is a nodal Klein surface (X, N) with an ordered n-tuple P = (p 1 , . . . , p n ) of distinct points on X − N. A morphism f : (X 1 , P) → (X 2 , P ) of surfaces with n marked points is a morphism between the underlying surfaces such that f (p i ) = p i for each p i ∈ P and p i ∈ P .
A symmetric Riemann surface (X, ι) with (m, n) marked points is given by (X, ι, P, P ), where (X, ι) is a nodal symmetric Riemann surface with an ordered 2m-tuple of distinct points on X − N, P = (p 1 , . . . , p 2m ), such that ι(p i ) = p m+i for i ∈ {1, . . . , m} and an ordered n-tuple A Klein surface with n oriented marked points is a Klein surface with marked points (X, P) equipped with a choice of orientation locally on each marked point.
The category dnKlein has objects Klein surfaces with only boundary nodes and oriented marked points on the boundary; its class of arrows is made of dianalytic morphisms.
The category dnSymRiemann has objects dianalytic symmetric Riemann surfaces (possibly with boundary) with marked points. The arrows in dnSymRiemann are given by analytic maps.
Remark 5.4 ([Bra12], Section 5.3).
Let (X, P), with P = (p 1 , . . . , p n ), be a Klein surface with n marked points. If f : R X → X is the orienting double we have that f −1 (p i ) gives two points in R X . We can make R X a marked surface by ordering these two points using the local orientation on p i . This yields a collection of points P which, together with the anti-analytic involution σ on R X , allows us to define the orienting double of (X, P) as (R X , σ, P , 0). Observe that (R X , σ, P , 0) is an object in dnSymRiemann. A Klein or Riemann surface with n marked points, possibly oriented, is stable if it has only finitely many automorphisms.
Moduli spaces of Klein surfaces
Let K g,u,h,n be the moduli space of stable Klein surfaces in dnKlein with topological type (g, u, h) and n marked points on the boundary. Let us consider the subspace K g,u,h,n ⊂ K g,u,h,n of non-singular Klein surfaces. These moduli spaces are not empty except for the cases:
We denote by D g,u,h,n ⊂ K g,u,h,n the subspace consisting of those Klein surfaces whose irreducible components are all discs. Sketch of the proof. The proof given by Braun can be divided into two different parts. In a first instance it is shown that a Klein surface in D g,u,h,n ⊂ K g,u,h,n can be labelled with a Möbius graph. This association is done by giving a vertex for each irreducible component of the surface, an edge for each node and a leg for each marked point. In order to specify the Möbius structure we have to choose a ribbon structure and a colouring of the half-edges by a colour {0, 1}; this is done by using the orienting double. The orienting double is also used in order to check the welldefinedness of the choice: in order to choose orientations and colourings we have to choose between one of the two pre-images yielded by the orienting cover (as it is a double cover); choosing the other pre-image would reverse orientations, cyclic orderings and colourings. The second part of the proof is focused on proving that, for any given Möbius graph γ, the space of surfaces K ∈ D g,u,h,n which are labelled by γ is an orbi-cell; this goes as follows: a disc with an analytic structure is holomorphic to the unit disc in C 2 , whose automorphism group is PSL 2 (R). This means that the space of n ≥ 3 marked points (which correspond to legs in a reduced Möbius graph) on the unit disc is the configuration space of marked points in S 1 modulo PSL 2 (R), lets call this space C. As the automorphisms of the unit disc preserve the cyclic ordering of marked points, C decomposes into cells labelled by ribbon corollas.
According to Lemma 5.4.5 [Bra12] , the moduli space of Klein discs can be identified with the moduli space of marked unit discs coloured by {0, 1} modulo the action of the anti-analytic map reversing the cyclic ordering of the marked points. We have shown that this space decomposes into cells and reversing of the cyclic ordering of the marked points sends cells to cells. Therefore we have a cell decomposition of the moduli space of Klein discs.
Summarizing, we associate each vertex v of a Möbius graph γ with a Klein disc, equivalently with a Möbius corolla, which labels a cell X(v) (actually we associate it to a ribbon corolla, but as we are dealing with colours, it turns out to be a Möbius corolla). Finally, if Aut(γ) denotes the group of automorphisms of γ preserving labelings and colourings, one can identify the orbi-space of surfaces associated to γ with the orbicell: ∏ v∈V(γ) X(v) / Aut(γ).
Lemma 5.7 ([Bra12], Lemma 5.5.4).
A stable Klein surface with n > 0 oriented marked points has no non-trivial automorphisms.
Sketch of the proof. One needs to show that the orienting double has no non-trivial automorphisms. The arguments of this result follow the steps taken in Lemma 3.0.11 [Cos06] .
An orbi-space is defined as a quotient by group acting with finite stabilizers, in this case Aut(γ), and a stable Klein surface has no non-trivial automorphisms, whence we have the following: Proof. Let us assume the statement for lower dimensions. For k ≥ 1 one defines ∂ k K g,u,h,n as the space of surfaces Σ ∈ ∂K g,u,h,n endowed with a map {1, 2, . . . , k} → {Nodes on Σ}. We can see that the spaces ∂ k K g,u,h,n are k − 1 simplices of a simplicial space whose realization |∂ • K g,u,h,n | is weakly equivalent to K g,u,h,n . Similarly, one defines the space ∂ k D g,u,h,n as the space of surfaces Σ ∈ D g,u,h,n endowed with maps {1, 2, . . . , k} → {Nodes on Σ }. We can assure that ∂ k D g,u,h,n form a simplicial space whose realization is weakly equivalent to D g,u,h,n .
By induction, we know that for each k ≥ 1 there is an equivalence
Finally, the diagram below commutes:
what allows us to conclude that D g,u,h,n K g,u,h,n .
The definition of an open-closed Klein TCFT
Let Λ be a set of D-branes. We define a topological category W Λ where:
1. We require the positive boundary condition: Klein surfaces are required to have at least one incoming closed boundary component on each connected component.
Remark 6.1. We allow the following exceptional surfaces: the disc, the annulus and the Möbius strip with no open or closed boundary components and only free boundary components; these surfaces are unstable and so we define their associated moduli space to be a point. 
a closed KTCFT is defined as a h-split symmetric monoidal functor
Morphisms between open (resp. closed) KTCFTs are defined the same way we defined a morphism between open-closed KTCFTs.
Categories via generators and relations
The steps taken by Braun in [Bra12] suggest that one can adapt the techniques developed by Costello in [Cos07] in order to give a classification of open KTCFTs. This is what we do in this section: we give a description, in terms of generators and relations, of the moduli space of Klein surfaces in dnKlein whose irreducible components are either a disc or an annulus. This moduli space yields a category D Λ which turns out to be quasi-equivalent to the category OC Λ . The arguments of Costello can be applied in the unoriented setting with a little subtlety: in order to reflect the involution which appears when we apply the equivalence of categories stated in Proposition 5.5, we have to introduce further generators and relations.
Moduli spaces and categories
We define the moduli space K Λ (α, β) of Klein surfaces in dnKlein (so we allow nodes) as fol- Proof. This result follows from Proposition 5.11 if one observes that the weak homotopy equivalence ι : D g,u,h,n → K g,u,h,n holds if we replace points on the interior of each surface in D g,u,h,n and their images by ι in K g,u,h,n with boundary components; we replace at most one point in the same disc. The equivalence holds if we include one marked point in each new boundary component.
Let us denote by K Λ the category with the objects of W Λ and arrows given by K Λ (α, β); there is a full subcategory K Λ,open whose objects α are those of W Λ which have no closed part. Gluing surfaces comes from maps
that glue outgoing open boundary components in K Λ (α, β) to incoming open boundary components in K Λ (β, γ) . The exceptional surfaces are glued as follows: gluing the disc with two outgoing marked points, one incoming and one outgoing, or both incoming, to a surface Σ corresponds to gluing the points of Σ together. Gluing the disc with one marked point to a marked point of Σ corresponds to forgetting the marked point. 
Sketch of the proof. The proof for this result is akin to the proof for Proposition 6.1.5 [Cos07] . Let us remind the main points: We follow [Cos07] to give G Λ (α, β) an orbi-cell decomposition. Let Σ ∈ G Λ (α, β) and assume A ⊂ Σ is an irreducible component which is an annulus with a closed boundary component. 
Generators and relations
Using the equivalences of categories stated in Proposition 5.5, we can move some of the results in [Cos07] into the Klein setting. This implies the definition of several categories, analogous to those appearing in [Cos07] , which will simplify the problem of understanding KTCFTs in terms of involutive A ∞ -categories.
A DG category A is generated by some set of arrows A if Hom A (−, −) has A as a generating set; A has R as a set of relations if Hom A (−, −) is given by the quotient A/R. We say that A is generated as a symmetric monoidal category by A modulo R if Hom A (−, −) is of the form A/R and the axioms of symmetric monoidal categories are satisfied. D τ (λ 0 , λ 1 ), which will be called a twisted disc. The particularity of this disc is that, contrary to the discs D + (λ 0 , . . . , λ n−1 ), it has boundary components oriented incompatibly. the discs D(λ 0 , . . . , λ n−1 ), for n ≥ 3, the discs with two outgoing marked points, subject to the relation that D(λ 0 , . . . , λ n−1 ) is cyclically symmetric (that is D(λ 0 , . . . , λ n−1 ) = ±D(λ 1 , . . . , λ n−1 , λ 0 )), and the twisted disc.
Proof. The proof for this result follows the steps of Proposition 6.2.1 [Cos07] . If we denote by E a category with the same sets of generators and relations as C , we can construct a fully faithful functor E → C , indeed: to prove that the functor is full we observe every surface in Hom C (α, β) can be built using disjoint unions of surfaces in E and gluing discs. Observe that the twisted disc, as remarked above, allows us to change the orientations of the marked points, whilst the disc with two outgoing marked points turns incoming boundaries into outgoing boundaries.
In order to check that E → C is faithful, we construct an inverse functor C → E, which is the identity 1 C on objects . Let us consider Σ ∈ C (α, β), then we can write Σ = Σ • Υ, where both Σ , Υ are surfaces in E. The surface Σ is composed by disjoint unions of identity maps, discs with all incoming boundaries and twisted discs; the surface Υ is composed by disjoint unions of identity maps, discs with two outgoing boundaries and twisted discs. This decomposition allows us to write a map C (α, β) → E (α, β). We conclude that the functor E → C is faithful. 
2. for n = 3 we have:
3. for n ≥ 3, gluing twisted discs to each of the incoming boundary components of D + (λ 0 , . . . , λ n−1 )
is equivalent to gluing a twisted disc to the outgoing boundary component of D + (λ 0 , . . . , λ n−1 );
Remark 7.6. Relation 3 will be needed in order to guarantee the Calabi-Yau condition in the forthcoming involutive A ∞ -categories. 1. Gluing a disc with two outgoing boundary components to a disc with two incoming boundary components yields the identity;
2. the disc D(λ 0 , . . . , λ n−1 ), whose marked points are all incoming, is cyclically symmetric:
under the existing permutation isomorphism {λ 0 , . . . , λ n−1 } c ∼ = {λ 1 , . . . , λ n−1 , λ 0 } c .
Proof. The proof follows the arguments used in Proposition 7.4.
Let A(λ 0 , . . . , λ n−1 ) be the annulus with n ≥ 1 marked points and the intervals between them labelled with D-branes with the inner boundary component labelled as closed. As in the case of the discs D + (λ 0 , . . . , λ n−1 ), the boundary components of the annuli A(λ 0 , . . . , λ n−1 ) are compatibly oriented. 
The differential in D Λ
The definition of the differential for D Λ given in [Cos07] can be used in our context. The complexes D Λ admit a differential d which is defined on discs as follows: if * denotes the gluing of the open marked points between λ i and λ j :
For annuli, the differential is:
. . , 0, 1, . . . , λ j ).
Remark 7.9. The signs in the previous formula for the differential are not important for our purposes; nevertheless, we point out that they depend on the orientation chosen for the cells in G Λ of marked points on discs and annuli.
Lemma 7.10 (cf. [Cos07], Lemma 6.3.1). The assertions below hold: We filter D Λ as a bimodule with a filtration on the generators by saying that the identity element in D Λ (α, α) and the twisted disc are in F 0 and each annulus A(λ 0 , . . . , λ n−1 ) is in F n .
In order to show the first point of the Lemma, we have to prove that the functor
prove that the map below is also a quasi-isomorphism: There is just one relation to be considered in D Λ : gluing a disc with one boundary marked point to any of the marked points of a, but that between λ n−1 and λ 0 , is zero. This is the same as saying that the following composition is zero:
The map (1) corresponds to the element
obtained from the tensor product of Id α and Id {λ 0 ,...,λ i−1 ,λ i+1 ,...,λ n−1 } c with the map corresponding to the disc with a single marked point. The map (2) corresponds to gluing the disc with one
As (1) is always injective (because we can find an splitting coming from the disc with one marked point), taking quotient is an exact operation and hence
is an exact functor. The same argument applies for any C ∈ Z by observing that, as each annulus A(λ 0 , . . . , λ n−1 ) has a closed boundary component, each integer C corresponds to an annulus, which contributes with an element of the form {λ 0 , . . . , λ n−1 } c . Therefore the first part of the Lemma is proved.
The second part is proved similarly.
M and, for simplicity, assume
is a quasi-isomorphism, we take the filtration induced by D Λ and check the result for the associated graded complexes. Roughly speaking we have:
is spanned by
which is quasi-isomorphic to
because we are assuming M to be h-split. These elements span
We conclude by observing that the same proof works for D 
An involutive A ∞ -category C consists of:
2. for all X 1 , X 2 ∈ Obj(C ), a Z-graded abelian group of morphisms Hom C (X 1 , X 2 ); disc D τ (λ 0 , λ 1 ), we will equip all our A ∞ -categories with an involution. is contractible as it is given by the chains on the moduli spaces of discs with α incoming marked points and β outgoing marked points, hence for n = 0 we have:
is quasi-isomorphic to its homology and in particular it is quasi-
With the notation introduced at the beginning of this section, giving a split functor
is the same as giving a unital DG category B with set of objects Λ. Observe that
corresponds to an "alien pair of pants" given by a disc with n marked points with the point between λ n and λ 0 is outgoing. This corresponds to the product
We show that there is a quasi-equivalence between unital extended involutive A ∞ -categories and unital extended involutive DG categories. For that purpose we will use the equivalences obtained in Lemmata 8.1 and 8.2. We define a unital extended involutive DG category as a h-split functor of the form G :
there is a quasi-equivalence between unital extended involutive A ∞ -categories and unital extended involutive DG categories given by
Our next step is to show that there exist a quasi-equivalence between unital extended involutive A ∞ -categories and involutive A ∞ -categories. It goes as follows:
Let us consider a unital extended involutive A ∞ -category given by a h-split functor
and define a unital involutive A ∞ -category given by a split functor
This definition together with the isomorphism (6) assure the existence of maps
which, composing with the action of D + Λ,open yields maps
indeed:
Due to the isomorphisms (6) we get that F F is monoidal, what leads us to conclude that F F is a
This concludes the proof of the equivalence (1) ⇔ (2) . Similarly we prove that unital extended involutive DG categories are quasi-equivalent to unital involutive DG categories. Let UEI stand for "unital extended involutive", the diagram (5) connects the latter quasi-equivalences in the sense below:
UEI A ∞ -categories 
This shows that, if M 2 is h-split, so it is N(β). Therefore N defines nothing but an open-closed Klein topological conformal field theory, which is the universal open-closed KTCFT associated to M 2 . This proves part (2) of Theorem 1.1. Our next objective is to prove part (3), concluding the proof of Theorem 1.1; this is the purpose of the next section.
Open-closed KTCFTs and involutive Hochschild homology
For an involutive DG category A, we define its involutive Hochschild chain complex as Proof. We will introduce some notations that will make the proof much easier to read: we will write λ := (λ 0 , . . . , λ n−1 ) and λ := (λ 0 , . . . , λ i , λ i , . . . , λ n−1 ) for i > 0. The proof for this result is based on the generators and relations stated in Lemma 7.5, Theorem 7.7 and Lemma 7.8. We There is a further relation given by:
This relation corresponds to the following: for f 0 ∈ Hom B (λ 0 , λ 1 ), f 1 ∈ Hom B (λ 1 , λ 2 ) and f 2 ∈ Hom B (λ 2 , λ 0 ) we have:
This shows that D 
